Abstract. For a given ℓ-adic sheaf F on a commutative algebraic group G over a finite field k and an integer r ≥ 1 we define the r-th local norm Lfunction of F at a point t ∈ G(k) and prove its rationality. This function gives information on the sum of the local Frobenius traces of F over the points of G(kr) (where kr is the extension of degree r of k) with norm t. For G the onedimensional affine line or the torus, these sums can in turn be used to estimate the number of rational points on curves or the absolute value of exponential sums which are invariant under a large group of translations or homotheties.
Introduction
Let k = F q be a finite field of characteristic p and V ⊆ A n k a geometrically irreducible affine variety of dimension r. To fix ideas, suppose that its ℓ-adic cohomology groups H If the situation is generic enough, one would expect that there should be some cancellation among the terms of the sum, thus giving a significative improvement of the Deligne-Weil bound if #G (and thus the number of terms in the sum) is large. For instance, if k ′ = F q ′ is a subfield of k, the Artin-Schreier curve y q ′ − y = f (x) for f ∈ k[x] has a natural action of the additive group k ′ (where t acts by (x, y) → (x, y + t). In [25] this fact was used to give an improvement of the Weil bound for the curve of order of magnitude √ q ′ . In the same vein, suppose that F is an ℓ-adic sheaf on A 
+1
. Writing it as a sum over a "trace set" or a "norm set" we should obtain (for generic f ) an estimate of the form
, where C d depends only on d and [k :
. See the examples in sections 6 and 7 for explicit conditions on f that imply this estimate.
So we reduce the Frobenius trace sum of F on A 1 (or on G m ) to a sum of Frobenius traces of a simpler object G but on a more complicated space, defined by non-algebraic equations of the form Tr k/k ′ (u) = λ or N k/k ′ (u) = µ. Sums of this type have been previously studied in the literature (cf. [16] , [17] , [3] , [23] ) mainly using the method of Weil descent. This method consists of identifying the set of elements of k with a given trace or norm over k ′ with the set of rational points on a ([k : k ′ ] − 1)-dimensional variety over k ′ , and thus reducing the sum to a more classical sum over the rational points of a variety.
One disadvantage of this method is that one may lose some information when identifying those two sets. As a rather crude example of this phenomenon, consider the sum of the constant 1 over the set of elements of k with norm 1 over k ′ . This sum is obviously equal to q−1 q ′ −1 = 1 + q ′ + · · · + q ′n−1 , where n = [k : k ′ ]. When applying Weil descent, the given set is identified with an (n − 1)-dimensional torus over k ′ , where n = [k : k ′ ]. So its cohomology has dimension n−1 j and weight 2j in degree j + n − 1 for every j = 0, . . . , n − 1, and we obtain an estimate n−1 j=0 n−1 j q ′j = (1 + q ′ ) n−1 which is worse than the actual value n−1 j=0 q ′j . See remark 7.11 for a more elaborated example of this issue.
In this article we introduce another method to systematically study these kinds of sums. For a given ℓ-adic sheaf (or, more generally, a derived category object) F on a geometrically connected commutative algebraic group G over k, an integer m ≥ 1 and a point t ∈ G(k m ) (where k m is the extension of k of degree m in a fixed algebraic closurek) we define the r-th local norm L-function of F at t as and N kmr /km : G(k mr ) → G(k m ) is the norm map. These functions can be used to estimate sums defined on sets given by trace and norm conditions in the same way that classical L-functions are used to obtain information about usual sums over the set of rational points of a variety. The main result of this article is the fact that these functions are rational: Theorem 1.1. For every object F ∈ D b c (G,Q ℓ ), every m ≥ 1 and every t ∈ G(k m ), the r-th norm L-function L N,r (F , k m , t; T ) is rational. If F is mixed of integral weights, all its reciprocal roots and poles are pure of integral q m -weight.
We give some explicit estimates in the cases where G = A 1 k or G = G m,k . In order to obtain good estimates for the sums, we need information on the degree and the weights of the roots and poles of these functions. We will see that, in both cases, there are special objects (extensions of Artin-Schreier sheaves in the additive case, extensions of Kummer sheaves in the multiplicative case) for which the weights reach their maximal value. For these objects there are explicit formulas for the trace and norm L-functions, so they can be easily controlled. For the remaining objects, there are good estimates for the weights of the reciprocal roots and poles of the L-functions at t for all t in a certain dense open subset of G that depends on r, which can be explicitely computed in some cases. In many examples we will also be able to obtain explicit bounds for the total degree of the L-functions.
The additive and multiplicative cases can be studied in parallel. However, in the additive case there is a great advantage thanks to the existence of the ℓ-adic Fourier transform. This allows to reduce the study of the trace L-functions to the study of the Fourier transform of the object F , and more precisely of its geometric monodromy (section 6). In the multiplicative case we lack this shortcut, and instead we rely on recent work by Katz [20] on the tensor category of perverse sheaves on G m,k under convolution in order to obtain explicit results for some important examples (section 7).
The author would like to thank the referee for his careful reading of an earlier version of the article and his many useful suggestions for improvement.
2.Q ℓ -representable functions
Let k = F q be a finite field of characteristic p > 0 andk =F q a fixed algebraic closure. For each positive integer m, we denote by k m = F q m the unique extension of k of degree m insidek. Fix a prime ℓ = p and a field isomorphism ι :Q ℓ → C. We will use this isomorphism to identifyQ ℓ and C without making any further mention to it. Let X be a separated scheme of finite type over k. We define C X to be the set
ofQ ℓ -valued functions defined on the disjoint union m≥1 X(k m ). It is a commutative ring with the obvious point-wise operations.
Let Sh(X,Q ℓ ) be the abelian category of constructibleQ ℓ -sheaves on X, D b c (X,Q ℓ ) the corresponding derived category and K 0 (X,Q ℓ ) its Grothendieck group. That is, the free abelian group generated by the isomorphism classes of elements of Sh(X,Q ℓ ) with relations 
. From now on we will only consider sheaves and derived category objects which are mixed of integral q-weights (either with respect to the isomorphism ι, or with respect to every isomorphismQ ℓ → C). For every F ∈ Sh(X,Q ℓ ) (or, more generally, in D b c (X,Q ℓ )) we define an element f F of C X in the following way (cf. [22, 1.1] ): for every m ≥ 1 and every t ∈ X(k m ), f F (k m , t) := Tr(Frob km,t |Ft) is the trace of the action of a geometric Frobenius element at t on the stalk of F at a geometric pointt over t. Given an exact sequence 0 → G → F → H → 0 in Sh(X,Q ℓ ) it is clear that f F = f G + f H (since taking stalks at a given geometric point is an exact functor), therefore the application F → f F extends to a homomorphism of abelian groups Φ : 
In that case f is said to be represented by F . The set of all such functions is denoted by C X,rep . ⋆ ℓ mapping the geometric Frobenius element to α. The subset of constant functions is a multiplicative subgroup of C X,rep , but it is not closed under addition.
It is clear that for every f and g in C X we have
Proposition 2.6. For every f ∈ C X,rep , every m ≥ 1 and every t ∈ X(k m ) the Lfunction L(f, k m , t; T ) is rational and all its reciprocal roots and poles have integral q m -weight.
Proof. By additivity, it suffices to prove if when f is represented by a sheaf F ∈ Sh(X,Q ℓ ). But in that case it is well known that
The convolution Adams operation
Let S = Spec k be the spectrum of a field (or, more generally, a base scheme such that the derived category of ℓ-adic sheaves is well defined on Sch/S, e.g. a regular scheme of dimension ≤ 1 [7, 1.1.2]). Let X be a separated scheme of finite type over S and H a finite group (regarded as acting trivially on X), and consider the category Sh(X,Q ℓ ) H ofQ ℓ -sheaves on X endowed with an action of H and its derived category D b c (X,Q ℓ ) H . Given a representation ρ : H → GL(V ) (where V is a finite dimensional vector space overQ ℓ ) we get a functor Sh(X,Q ℓ ) H → Sh(X,Q ℓ ) given by F → F ρ := Hom H (V, F ), where V is regarded as a constant sheaf on X with an H-action given by ρ. If 1 is the trivial representation then F 1 = F H is the H-invariant part, and in general F ρ = Hom(V, F ) H . SinceQ ℓ has characteristic zero, the functor F → F ρ is exact, and it commutes with passage to fibres: for every geometric pointx ∈ X(k), we have (F ρ )x = Hom H (V, Fx). In particular, it extends to the derived category and we get a functor
Lemma 3.1. Let f : X → Y be an S-morphism of separated schemes of finite type over S and K ∈ D b c (X,Q ℓ ) an object with an H-action. Then for every finite dimensional representation ρ of
Proof. It suffices to prove it for Rf ⋆ , since clearly
By the exactness of (−) ρ we deduce that (Rf ⋆ F ) ρ = Rf ⋆ (F ρ ) for every sheaf F , and then also for every object K ∈ D b c (X,Q ℓ ). We will be mainly interested in the following situation: K ∈ D b c (X,Q ℓ ) is any object, r ≥ 1 is an integer, and the symmetric group in r letters S r acts on K ⊗r via permutation of the factors. Then for every representation ρ : S r → GL(V ) we get an object R(ρ)K :
We write Sym r K (respectively ∧ r K) for R(ρ)K if ρ is the trivial representation (resp. the sign character).
If G is a geometrically connected commutative group scheme of finite type over S we will also use the following variant. Recall that, for any two objects K, L ∈ D b c (G,Q ℓ ), their !-convolution (which we will simply call convolution) is the object
It is an associative and commutative triangulated bifunctor [18, 2.5].
For any r ≥ 1, the multiplication map G r → G factors through Sym r G, so K * r := K * · · · * K (r factors) is endowed with a natural action of S r , induced by its action on π ! K ⊠r above Sym r G by permutation of the factors (where π :
, and we write Sym * r K (respectively ∧ * r K) for R( * ρ)K if ρ is the trivial representation (resp. the sign character).
The following result generalizes [5, Lemme 1.3] (for A a field of characteristic 0):
In particular, if S = Spec k is the spectrum of a separably closed field we have
Now by Künneth, there is a S r -equivariant quasi-isomorphism R(aµ
⊗r (where S r acts on the right by permutation of the factors), so
We also have the following shift formulas: Proposition 3.3. Let σ be the sign character and ρ any finite dimensional representation of S r . For every
Proof. We will prove the first formula, the second one is similar. With the obvious notations, we have
so it suffices to show that the action of S r on K ⊗r [r] is the same as its action on K [1] ⊗r ( ∼ = K ⊗r [r]) twisted by σ. Suppose that r = 2, and let τ ∈ S 2 be the transposition. There is a natural isomorphism φ :
is the negative of its action on (K ⊗ K) [2] via the isomorphism φ. Now let r > 2, and let τ ∈ S r be any transposition. Without loss of generality, we may assume that τ = (1 2). Then we have an isomorphism φ r :
, where φ r = φ⊗φ r−2 inductively. Since τ acts trivially on K [1] ⊗(r−2) and K ⊗(r−2) , by the r = 2 case the actions of τ on K [1] ⊗r and K ⊗r [r] differ by sign. We conclude that the actions of S r on K [1] ⊗r and K ⊗r [r] are twists of each other by the sign character.
Let ρ : S r → GL(L) be the standard representation, where L ⊂Q r ℓ is the hyperplane defined by x i = 0, and let τ r be the virtual representation
is the r-th Adams power of F .
Proof. For every i = 1, . . . , r we have
where σ is the sign character of S i . By Frobenius reciprocity, this is the same as R(η)F , where η = Ind Sr Sr−i×Si (1 × σ). By Pieri's formula (cf. [10, 4.41, A.7 ]) for i < r η is the sum of two irreducible representations η i and η i+1 with inverted-L shaped Young diagrams of vertical lengths i and i + 1 respectively, that is, the (i − 1)-th and i-th exterior powers of the standard representation of S r (cf. [10, 4.6] ). Therefore
Since the Adams power is additive, we deduce Corollary 3.5. The map Sh(X,Q ℓ ) → K 0 (X,Q ℓ ) given by F → R(τ r )F extends to a homomorphism of abelian groups R(τ r ) :
Remark 3.6. The sum
gives an "optimal" expression for the Adams power, in the sense that there is no further cancellation among different sign terms. If F has rank n then for every i = 0, . . . , r − 1 the rank of R(∧ i ρ)F is the dimension of the Weyl module corresponding to the partition (r − i, 1, · · · , 1) (with i 1's), that is,
for every r ≥ 1. In particular, the r-th convolution Adams power extends to a homomorphism of abelian groups
Proof. For every r ≥ 1 M * r = Rµ ! (M ⊠r ) has a filtration with quotients Rµ ! P k for k = 0, 1, . . . , r, where
The action of S r preserves this filtration, and acts transitively on the set {Rµ ! (N J,1 ⊠ · · · ⊠ N J,r )|J ⊆ {1, . . . , r}, |J| = k} for each k, with stabilizer S k ×S r−k for Rµ ! (K ⊠k ⊠L ⊠(r−k) ). In other words, the action of S r on Rµ ! P k is the action induced by that of
by permutation of the first k and the last r − k factors. Therefore
for any finite dimensionalQ ℓ representation ρ of S r . In particular, if ρ is the standard representation and 1 ≤ k ≤ r − 1, the Littlewood-Richardson formula gives (cf. [10, 4.43, A.8]):
where ρ 1 and ρ 2 are the standard representations of S k and S r−k respectively and j ≤ k − 1, l ≤ r − k − 1 in the sums, so we obtain
The last sum clearly vanishes, so we conclude that
Norm L-functions
We go back to the case where k = F q is a finite field. Let G be a geometrically connected commutative group scheme of finite type over k. For every positive integers m, r there is a norm map N kmr /km :
Definition 4.1. Let f ∈ C G and r ≥ 1 an integer. The r-th norm power of f is the function f N,r ∈ C G given by
The following properties are immediate consequences of the definitions:
The goal of this section is to show that C G,rep is invariant under these operations. More precisely, the Frobenius trace function of the r-th convolution Adams power of K is the r-th norm power of the Frobenius trace function of K:
Tensoring with L χ is an autoequivalence of the triangulated category
* r for every r ≥ 1, which is compatible with the natural S r actions. In particular, for every (virtual) finite dimensionalQ ℓ -representation ρ of S r we have
Taking ρ = τ r , we get
Proof of theorem 4.3. We have to show that, for every m ≥ 1 and every t ∈ G(k m ),
Since the operation K → K [ * r] commutes with extending scalars to a finite extension of k, we may assume without loss of generality that m = 1. The (ordinary finite group) Fourier transform gives a bijection between the set ofQ ℓ -valued maps defined on G(k) and the set ofQ ℓ -valued maps defined on the set of characters of G(k), so the previous equality for every t ∈ G(k) is equivalent to the equality
for every character χ :
The left hand side is, by the GrothendieckLefschetz trace formula,
The right hand side is, again by the trace formula,
since Tr(φ|V [r] ) = Tr(φ r |V ) for any endomorphism φ of a vector space V (cf. [9, Theorem 1.1]). The result follows then from equation (1) applied to τ = τ r , which tells us that the virtual
[r] are isomorphic.
is rational and all its reciprocal roots and poles have integral q m -weight.
Using proposition 4.2 and the injectivity of Φ we deduce
Corollary 4.5. For every ℓ-adic unit α of integral q-weight we have
We conclude this section with a useful formula relating the usual Adams powers and the convolution Adams powers in the case where G is the additive group A 
where 
, every integer r ≥ 1 and every finite dimensionalQ ℓ -representation ρ of S r there is a quasi-isomorphism
where σ is the sign character of S r . That is, the Fourier transform interchanges the operations R( * ρ) and R(ρ ⊗ σ n ) (up to a shift).
Proof. By [2, Corollaire 9.6], for every K, L ∈ A n k we have the formula
and, in particular, there is a natural quasi-isomorphism
differ by a twist by the n-th power of the sign character σ (at a geometric pointt
⊗r respectively, where L ψt is the rank 1 smooth sheaf corresponding to the character of k
, and the proof of proposition 3.3 applied n times shows that the actions of S r on these differ by a twist by σ n ). For any finite dimensional Q ℓ -representation ρ of S r we have then
by lemma 4.6.
Proof. Let ρ be the standard representation of S r . By the proposition, we have
If n is even this proves the statement. If n is odd, then σ n = σ and (
.
The dimension 1 case
From now on we will assume that G is affine of dimension 1 (so G ⊗k is either the affine line A 1 k or the torus G m,k ). We will describe more precisely the operation K → K [ * r] in this situation by splitting K into its perverse cohomology sheaves. Since G is a smooth curve, perverse sheaves have an easy description [1, 5.2.2]: they are objects P ∈ D b c (G,Q ℓ ) which have non-zero cohomology only in degrees 0 and −1, H 0 (P) is punctual (that is, j ⋆ H 0 (P) = 0 for some dense open set j : U ֒→ G) and H −1 (P) has no punctual sections (that is, the adjunction map The derived category of the category of perverse sheaves is again D b c (G,Q ℓ ). In particular, its Grothendieck group is K 0 (G,Q ℓ ). Therefore, by additivity it suffices to study P [ * r] for P an irreducible perverse sheaf. Since we are assuming that everything is mixed of integral q-weights, such a perverse sheaf is pure of some integral q-weight [1, Corollaire 5.3.4] and, in particular, geometrically semisimple [1, Théorème 5.3.8]. By corollary 4.5 we can further assume that it is pure of weight 1.
Lemma 5.1. Let P ∈ Perv(G,Q ℓ ) be irreducible. The following conditions are equivalent:
(1) P ⊗k contains a sub-object isomorphic to L χ [1] for some r ≥ 1 and some character χ :
. (2) P ⊗k is a direct sum of objects of the form L χi [1] for some r ≥ 1 and some
In that case, if r is the smallest positive integer such that L χ is defined over k r , then
Proof. (2)⇒(1) is trivial. Suppose that (1) holds, and let r be the smallest positive integer such that L χ is defined over k r . Then we have an injective map
Since P is irreducible, this map is surjective. In particular H 0 (P) = 0 and P is of the form F [1] for some sheaf F without punctual sections.
Let
, where k ′ is the subfield of k r fixed by σ, and L χ would be defined over k ′ , contrary to the hypothesis. Therefore π ⋆ r F contains at least r non-isomorphic smooth subsheaves of rank 1, so its rank (which is the rank of F ) must be at least r. We conclude that the map
Following [20] we will say that an irreducible perverse sheaf P on G is negligible if it satisfies the equivalent conditions in the previous lemma.
Proposition 5.2. Let P be an irreducible perverse sheaf on G of weight 1, and suppose that P is non-negligible. Then for every r ≥ 1,
is an integral combination of classes of perverse sheaves of weights ≤ r.
Proof. By [18, 2.6.4, 2.6.8, 2.6.13, 2.6.14] the r-fold convolution P * r is a perverse sheaf, of weights ≤ r (since K is perverse if and only if K ⊗k is). For every representation ρ of S r , R( * ρ)P = (P * r ) ρ is then also perverse of weights ≤ r (since
ρ is a subsheaf of H i (P * r ) for every i, and is therefore zero for i = 0, −1, punctual for i = 0 and without punctual sections for i = −1). In particular
P is an integral combination of classes of such perverse sheaves, where ρ is the standard representation of S r .
Corollary 5.3. Let P be a non-negligible irreducible perverse sheaf on G of weight 1. For every integer r ≥ 1 there exists a dense open set U P,r ⊆ G and a constant C P,r such that for every integer m ≥ 1 and every t ∈ U P,r (k m ) the L-function L N,r (P, k m , t; T ) has total degree bounded by C P,r and all its reciprocal roots and poles have q m -weight ≤ r−1. In particular, for every m ≥ 1 and every t ∈ U P,r (k m ) we have the estimate |f
If t / ∈ U P,r (k m ), then all reciprocal roots and poles of L N,r (P, k m , t; T ) have q mweight ≤ r.
Proof. For every i = 0, . . . , r − 1, let Q i be the perverse sheaf R( * ∧ i ρ)P, where ρ is the standard representation of S r . Let U i ⊆ G be the largest open set on which H 0 (Q i ) = 0, and C i the generic rank of H −1 (Q i ). We define U P,r = U 0 ∩ · · · ∩ U r−1 and C P,r = C 0 + · · · + C r−1 .
For every integer m ≥ 1 and every t ∈ U P,r (k m ), we have
The result follows from the fact that H −1 (Q i ) is mixed of weights ≤ r − 1 and does not have punctual sections for any i, so its rank at any point of U P,r is less than or equal to its generic rank. If t / ∈ U P,r (k m ) we would also get factors of the form L(H 0 (Q i ), k m , t; T ) which are mixed of weight ≤ r.
The result extends to any perverse P pure of weight 1 as long as no irreducible component of P is negligible. As an easy example, we compute U P,r and C P,r when P = δ a is a punctual object supported on a ∈ G(k) (placed in degree 0).
Corollary 5.5. Let P be a punctual perverse sheaf on G supported on Z ⊆ G. Let S = {z r |z ∈ Z(k)}. Then in corollary 5.3 one can take U P,r (k) = G(k) − S and C P,r = 0.
Proof. It is an immediate consequence of the previous proposition and the additivity of the convolution Adams power, since the operation P → P [ * r] commutes with extension of scalars tok.
Remark 5.6. This shows that, in general, the U P,r and C P,r defined in the proof of corollary 5.3 are not the best possible ones, since there may be some cancellation among the Q i 's when taking the alternating product. For instance, if k = F 3 , G = A 1 k and P is punctual supported on Spec k[t]/(t 2 + 1) = {±i}, the proof gives U P,2 = G − {0, ±2i} = G − {0, ±i} (since P * 2 = Sym * 2 P ⊕ ∧ * 2 P, so the union of the supports of Sym * 2 P and ∧ * 2 P is the support of P * 2 ), while the previous corollary shows that we could take U P,2 = G − {±i}.
In the remainder of the article we will assume, unless otherwise stated, that U P;r and C P,r are the ones defined in the proof of 5.3.
Examples on A 1 k
In this section we further specialize to the case G = A Proposition 6.1. Let P ∈ Perv(A 1 k ,Q ℓ ) be irreducible, negligible and pure of weight 1. Then
for some ℓ-adic unit α ∈Q ℓ of weight 0.
Proof. After taking Fourier transform with respect to ψ on both sides, the equality is equivalent by corollary 4.8 to
where Q is the Fourier transform of P, which is punctual and pure of weight 2 by hypothesis.
Since
The ℓ-adic unit α can be determined from P in the following way: Let d ≥ 1 be an integer such that H −1 (P) ⊗ k d splits as an extension of Artin-Schreier sheaves. Then α is any d-th root of
is irreducible, negligible and pure of weight 1, then there exists some ℓ-adic unit α ∈Q ℓ of weight 0 such that for every integer m ≥ 1 and every t ∈ k m L Tr,r (P, k m , t; T ) = L(P, k m , t; (αq) m(r−1) T ).
For non-negligible P we can give the following characterization of U P,r :
Proposition 6.3. Let P ∈ Perv(A 1 k ,Q ℓ ) be irreducible and non-negligible. Let FT ψ P = G [1] , with G ∈ Sh(A 1 k ,Q ℓ ) an irreducible middle extension sheaf. Let a ∈ k, and L ψ−a the Artin-Schreier sheaf on A 1 k associated to the character t → ψ(−at). Then a ∈ U P,r (k) if and only if the following equivalent conditions hold:
Proof. For (1) it is a consequence of the definition of U P,r in proposition 5.3: since
is the Fourier transform of P, by 4.7 and 3.3 the Fourier transform of R(
is (a Tate twist of) the stalk at a of H 0 (Q i ). The equivalence between (1) and (2) can be deduced from the formulas Sym
We will now apply these results to some particular examples of sheaves. , F ) = 0 and all its slopes at infinity are < 1 (e.g. F tamely ramified at infinity). Let S := {a 1 , . . . , a s } ⊂k be the set of ramification points of F ⊗k, and S r := S + · · · + S (r summands). Then for every r ≥ 1 U P,r (k) containsk − S r , and C P,r is bounded by
Proof. First of all, P does not have negligible subquotients: since H 2 c (A 1 k , F ) = 0 P ⊗k can not have constant subsheaves, and it can not have non-trivial ArtinSchreier subsheaves either since 1 is not a slope at infinity.
Therefore FT ψ P = G [1] , where G ∈ Sh(A 1 k ,Q ℓ ) is a middle extension sheaf. Laumon's local Fourier transform theory [22, 2.4] implies that G is smooth on G m,k , since 1 is not a slope of F at infinity. Its generic rank is dim H and its monodromy action at infinity splits as a direct sum N s ⊗L ψs for s ∈ S r , where N s is a representation of I ∞ whose slopes are all < 1. In particular, for every a ∈k − S r , the sheaf L ψ−a ⊗ R(∧ i ρ)G is totally wild at infinity, so a ∈ U L,r (k) by proposition 6.3. Furthermore, the dimension of H
since the Swan conductor of G at 0 (and therefore all its slopes) are less than or equal to c. We conclude by applying the formula for C P,r in the proof of proposition 5.3.
Our first example improves [25, Corollary 4]:
Example 6.5. Let g ∈ k[x] be a polynomial of degree d prime to p and P = F [1] , where F is the kernel of the trace map g ⋆Qℓ →Q ℓ . Let S be the set of critical values of g, and S r = S + · · · + S (r summands). Thenk − S r ⊆ U P,r (k) for every r ≥ 1. Therefore, for every m ≥ 1 and every t ∈ k m which is not the sum of r critical values of g (i.e. such that the affine hypersurface g(
is smooth) we have
In particular, if the affine hypersurface g(x 1 ) + · · · + g(x r ) = 0 in A r k is smooth we have
Proof. The left hand side is |f
By Proposition 6.1 and the comment after it, f
. On the other hand, F has rank d − 1 and satisfies the hypotheses of proposition 6.4 with e = c = 0, since it is tamely and totally ramified at infinity (the inertia group at infinity acts via the direct sum of all its non-trivial characters with trivial d-th power) and there is an exact sequence 0 → F → g ⋆Qℓ →Q ℓ → 0 with dim
The first inequality follows. The second one is an easy consequence of the identity
Example 6.6. Let χ : k ⋆ →Q ⋆ ℓ be a non-trivial multiplicative character of order n, g ∈ k[x] a non-constant polynomial which has no roots ink with multiplicity divisible by n, F := L χ(g) = g ⋆ L χ and P = F [1] . Let S ⊆k be the set of roots of g, and S r = S + · · · + S (r summands). Thenk − S r ⊆ U P,r (k) for every r ≥ 1. In particular, for every m ≥ 1 and every t ∈ k m which is not the sum of r roots of g,
where a is the number of distinct roots of g ink.
Proof. The sheaf F is a middle extension of rank 1 ramified at the roots of g and therefore it is not isomorphic to an Artin-Schreier sheaf. We can then apply Proposition 6.4 to it, where d = 1, e = a − 1 by the Euler-Poincaré formula and c = 0 (since the inertia group at infinity acts on F via a power of the tame character χ).
Proposition 6.7. Under the hypotheses of proposition 6.4, suppose further that the action of the inertia group at every point of A 1 k on the generic stalk of F (modulo its invariant subspace under this action) is a successive extension of a fixed tame character χ of order n. Then U P,r = A 1 k for every r ≥ 1 which is not divisible by n.
Proof. In this case, since the local Fourier transform of a tame character is its conjugate, the representations F s in the proof of proposition 6.4 are successive extensions of the characterχ, so the representations N s appearing (tensored with Artin-Schreier characters) in the monodromy at infinity of R(∧ i ρ)G are successive extensions of the characterχ r . In particular, the action of the inertia group I ∞ on R(∧ i ρ)G has no invariants if χ r is non-trivial (since the tensor product of a non-trivial tame character and a (possibly trivial) Artin-Schreier character can not be trivial).
Example 6.8. Let g ∈ k[x] be a polynomial of degree d prime to p, and let F be the kernel of the trace map g ⋆Qℓ →Q ℓ . Suppose that p > 2 and the derivative g ′ has no multiple roots. Then for every odd r ≥ 1, every m ≥ 1 and every t ∈ k m we have
and, in particular,
Proof. In this case the monodromy of F at each ramified finite point is a successive extension of the quadratic character by the hypothesis on g ′ .
Example 6.9. Let χ :
Then for every r ≥ 1 not divisible by n, every m ≥ 1 and every t ∈ k m we have
Proof. In this case the inertia groups at all ramified finite points act on F via χ. Additionally, since g is square-free, it has d distinct roots onk.
In order to get more precise results, we need to consider the global monodromy. Suppose that P ∈ Perv(A Proof. This is a restatement of proposition 6.3, since H Example 6.13. Let g ∈ k[x] be a polynomial of degree d ≥ 3 prime to p, ψ : k →Q ⋆ ℓ a non-trivial additive character and P = L ψ(g) [1] . Suppose that p > 2d + 1 and g(x + a) + b is not odd for any a, b ∈k. Let a d−1 be the coefficient of
In all such cases, for t ∈ U P,r (k m ), (because all slopes of G at infinity are equal to 
(cf. remark 3.6), so
Example 6.14. Let g ∈ k[x] be a polynomial of degree d ≥ 3 prime to p, ψ : k →Q ⋆ ℓ a non-trivial additive character and P = L ψ(g) [1] . Suppose that p > 2d + 1 and g(x + a) + b is odd for some a, b ∈k (so d is necessarily odd). Let a d−1 be the coefficient of
∈ U P,r for any r = 2t for t = 1, . . . ,
2 . In all such cases, for t ∈ U P,r (k m ),
Proof. The proof is similar to the previous one. In this case, G = Sp(V ) by [ 
Examples on G m,k
In this section we will assume G = G m,k . As in the A ⋆ ℓ is a character of order n ≥ 1, d is the smallest integer such that n|q
for every r ≥ 1.
Proof. We will show that both sides have the same trace function, that is, that for every m ≥ 1 and every t ∈ k ⋆ m we have
By definition of P, we have
If n |q mr − 1, the equality is obvious. If n|q m − 1, the left hand side is
so the equality holds. It remains to prove that f r,× P (k m , t) = 0 in the case where n|q mr − 1 but n |q m − 1. In that case, we claim that there is an element u 0 ∈ k mr such that N kmr /km (u 0
, which is impossible since n does not divide q m − 1. Then N kmr /km (u) = N kmr /km (uu 0 ), so for every i = 0, . . . , d − 1
Now since the character χ
In order to compute explicitely the r-th norm L-function of a given perverse sheaf, we first split the negligible components from the non-negligible ones. For the negligible components proposition 5.1 gives us an exact formula, so let us focus on the non-negligible objects.
Proposition 7.2. Let F ∈ Sh(G m,k ,Q ℓ ) be a geometrically semisimple middle extension sheaf without negligible components which is tamely ramified at both 0 and ∞, let S ⊆k ⋆ be the set of finite ramification points of F and S r := S · · · S (r factors). Then for every r
Proposition 7.3. Let F , G ∈ Sh(G m,k ,Q ℓ ) be geometrically semisimple middle extension sheaves without negligible components which are everywhere tamely ramified. Then
) is everywhere tamely ramified.
Proof. Let S ⊆k ⋆ (respectively T ⊆k ⋆ ) be the set of ramification points of F (resp. G). Let m (resp. n) be the generic rank of F (resp. G), and for every s ∈ S (resp. t ∈ T ) let m s (resp. n t ) be the rank of F at s (resp. the rank of G at t). By the Euler-Poincaré formula,
This is the generic rank of
). Now let u ∈ ST , and let R u be the set of pairs (s, t) ∈ S × T such that u = st.
Comparing with (3), we conclude that u∈ST ∪{0,∞}
Corollary 7.4. Let F ∈ Sh(G m,k ,Q ℓ ) be an everywhere tamely ramified geometrically semisimple middle extension sheaf without negligible components. Then H −1 (R( * ρ)F [1] ) is everywhere tamely ramified for every r ≥ 1 and every representation ρ of S r .
Remark 7.5. Lemma [20, Lemma 19.5] is proved for the "middle convolution" (i.e. the image of the "forget supports" map
), while we are using "regular" !-convolution here. However, by [11, Proposition 3.6 .4], the mapping cone of the forget supports map (and therefore the kernel of the surjective map
) is a succesive extension of Kummer objects L χ [1] and, in particular, is smooth on G m,k , so the ramification points (and the nontrivial part of the inertia action at those points) of
are the same.
We will now try to find a good estimate for the constant C F [1],r for an everywhere tamely ramified middle extension sheaf F . Lemma 7.6. Let F ∈ Sh(G m,k ,Q ℓ ) be an everywhere tamely ramified middle extension sheaf without negligible components, pure of weight 0. For every (possibly trivial) character χ ofk ⋆ and every j ≥ 1, let n χ,j be the number of Jordan blocks of size j with eigenvalue χ in the local monodromies of F at 0 and ∞,
, ij =r j∈Jχ
Proof. Notice that the sum is actually finite, since there are only finitely many characters χ for which J χ = {0}. We will show that for any χ the sum of the sizes of the Jordan blocks in the monodromies of H −1 (Sym * r F [1]) at 0 and ∞ associated to the character χ is bounded above by
Since, by proposition 7.3,
) is everywhere tamely ramified, its monodromy at 0 and ∞ is a direct sum of such Jordan blocks. Therefore the sum of these quantities for all characters χ is twice the rank of H −1 (Sym * r F [1]), which proves the lemma.
Fix one such χ. By tensoring F with the Kummer sheaf Lχ (which does not change the hypotheses of the lemma), we can assume without loss of generality that χ = 1 is the trivial character. Let n j = n 1,j for j ≥ 0. From the exact sequence of sheaves
k are the inclusions, we get an exact sequence 
where j∈J1 Sym ij W j is pure of weight j∈J1 i j (1−j) and dimension j∈J1 nj +ij −1 ij
) and consider the exact sequence 
is pure of weight r − 1. So the trivial character does not appear in the local monodromies of G either. Otherwise, for every (i j ) ∈ Z J1 ≥0 such that j i j = r we get at most j∈J1
In the same way one can prove Lemma 7.7. With the notation and hypotheses of the previous lemma, the generic rank of
, ij =r j∈Jχ n j i j j∈Jχ ji j .
Proposition 7.8. With the notation and hypotheses of the previous lemmas, the generic rank of
is less than or equal to the sum of the generic ranks of H −1 (A j * B k ) for j, k ∈ {0, 1}. For i = j = 0 it is a punctual object, so its H −1 vanishes. For j = 1, k = 0, the generic rank of A 1 gets multiplied by the dimension of the punctual object B 0 , and similarly for j = 0, k = 1. For j = k = 1, by (the proof of) [20, Theorem 26.1], there is an inequality
). so the result follows from the previous two lemmas.
Corollary 7.9. Let F ∈ Sh(G m,k ,Q ℓ ) be an everywhere tamely ramified middle extension sheaf without negligible components, pure of weight 0. Then
Proof. By definition
Using that Sym
for i = 0, . . . , r. Taking the sum over all i = 0, . . . , r we deduce:
We conclude by the previous proposition.
Example 7.10. Let g ∈ k[x] be a square-free polynomial of degree d prime to p such that g ′ has no factors with multiplicity ≥ p, and let F ∈ Sh(G m,k ,Q ℓ ) be the kernel of the trace map g ⋆Qℓ →Q ℓ . Then t ∈ U F [1],r (k) for every t which is not a product of r critical values of g. In particular, for every such t ∈ k ⋆ m , we have an estimate
Morover, we have a bound
Remark 7.11. The given bound for C F [1] ,r is polynomial in r if d is fixed. Compare with [24, Theorem 3.2] , where the (exponential in r) bound r(d − 1) r was obtained using Weil descent.
Proof. The first part is a consequence of propositions 5.1 and 7.2, since F is tamely ramified everywhere and has no negligible components (because F is a middle extension sheaf whose monodromy is trivial at 0 and splits as the direct sum of all non-trivial characters with trivial d-th power at infinity). The estimate follows from the equality f
If χ = 1 is the trivial character, n χ,1 = d − 1 and n χ,j = 0 for every j = 1.
and n χ,j = 0 for every j > 1. By equations (4) and (5) we get, for every i = 0, . . . , r:
We conclude by corollary 7.9. a non-trivial multiplicative character of order n. Suppose that g is not a power of x, and no root of g has multiplicity divisible by n. Let F = L χ(g) . Then t ∈ U F [1],r (k) for every t which is not a product of r roots of g. In particular, for every such t ∈ k ⋆ m , we have an estimate
Let e be the largest power of x that divides g(x). Then if χ e = χ d , we have a bound
where a is the number of distinct roots of g ink ⋆ .
Proof. Again this is just applying proposition 7.2 and formulas (4), (5) and (6) for the rank. The hypotheses on g imply that L χ(g) is a middle extension and ramified at least at one point of G m,k , and in particular is not negligible.
is a by the Euler-Poincaré formula, since L χ(g) is everywhere tamely ramified. The monodromy at 0 is the character χ e , and the monodromy at infinity is χ d , hence the different bounds for C F [1],r depending on them being equal or not.
In order to obtain sharper results we will make use of a certain algebraic group, the equivalent to the monodromy group of the Fourier transform in the trace case. This group is defined and studied in [20] . Given a geometrically semisimple (e.g. pure of some weight w) object P ∈ Perv without negligible components, let P be the full subcategory of the Tannakian category of perverse sheaves on G m,k modulo negligible sheaves with the convolution operator [11, Théorème 3.7.5] tensorgenerated by P ⊗k. By the fundamental theorem of Tannakian categories [8, Theorem 2.11], P is tensor-equivalent to the category of representations of a reductive algebraic group G ⊆ GL(V ), where V = H 0 (A 1 k , j 0! P) is the fibre functor evaluated at P [20, Theorem 3.1] . Under this equivalence, the class of P corresponds to the "standard" representation G ֒→ GL(V ), and the class of P * r (respectively Sym * r P, ∧ * r P) corresponds to its r-th tensor power (resp. its r-th symmetric power, its rth alternating power). More generally, for every finite dimensional representation ρ : S r → GL(W ) of S r , the class of R( * ρ)P corresponds to Hom Sr (W, V ⊗r ).
Proposition 7.14. Let P ∈ Perv be a perverse sheaf pure of weight w ∈ Z without negligible components, G ⊆ GL(V ) the corresponding reductive algebraic group and r ≥ 1 an integer. Then (1) 1 ∈ U P,r (k) if and only the fixed subspace of the representation Sym r−i V ⊗ ∧ i V of G is zero for every i = 0, . . . , r. (2) Given a prime to p integer n, the n-th roots of unity are in U P,r (k) if and only if the representation Sym r−i V ⊗ ∧ i V of G does not contain a subcharacter with trivial n-th power for any i = 0, . . . , r. Proof. (1) and (3) are direct consequences of (2). Let n be a prime to p positive integer, and let ζ ∈k ⋆ − U P,r (k) such that ζ n = 1. Then by definition of U P,r there is some i = 0, . . . , r − 1 such that ζ is in the support of H 0 (R( * ∧ i ρ)P). Then ζ is in the support of H 0 (Sym * (r−i) P * ∧ * i P) = H 0 (R( * ∧ i−1 ρ)P⊕R( * ∧ i ρ)P) (cf. the proof of proposition 3.4). In other words, Sym * (r−i) P * ∧ * i P contains the punctual object δ ζ as an irreducible component. Regarding their classes in the Tannakian category Perv/N eg as representations of G, this means that Sym r−i V ⊗ ∧ i V contains the irreducible subrepresentation associated to the object δ ζ , which is a character with trivial n-th power (since δ * n ζ = δ ζ n = δ 1 is the identity object). Conversely, every subrepresentation of Sym r−i V ⊗ ∧ i V which is a character of order divisible by n gives an irreducible component of Sym * (r−i) P * ∧ * i P of the form δ ζ for some ζ ∈k ⋆ [20, Theorem 6.4], and ζ n = 1. So, in that case, ζ is in the support of H 0 (Sym
for some i, so it must be in the support of H 0 (R( * ∧ i ρ)P) for some i and therefore is not in U P,r (k).
Corollary 7.15. Let n be the order of G/G 0 , where G 0 is the identity connected component of G.
Proof. Let z ∈k ⋆ , and suppose that z / ∈ U P,r (k). Then by the proof of the previous proposition, Sym r−i V ⊗∧ i V contains a subcharacter of order a for some i = 0, . . . , r, where a is the multiplicative order of z. Let G ′ be the kernel of that subcharacter, then G ′ is a closed normal subgroup of G, and G/G ′ is a quotient of G/G 0 of order a. Therefore a = |G/G ′ | divides n = |G/G 0 |, so z is an n-th root of unity.
Remark 7.16. By [20, Theorem 6.5], under these hypotheses G/G 0 is actually cyclic of prime-to-p order n, and this group is isomorphic to the group of ζ ∈k ⋆ such that δ z is in the Tannakian subcategory of Perv/N eg tensor-generated by P ⊗k.
Corollary 7.17. If G contains the scalarsQ ⋆ ℓ , then U P,r = G m,k for every r ≥ 1. Proof. By proposition 7.14(3), it suffices to show that the representation V ⊗r of G does not have subcharacters of finite order. A scalar λ ∈Q ⋆ ℓ ⊆ G acts on V ⊗r by multiplication by λ r . In particular, on any G-invariant subspace of V ⊗r the action of the quotientQ ⋆ ℓ /µ r is faithful, so it can never factor through a finite quotient. Example 7.18. Let g ∈ k[x] be a Morse polynomial of degree d prime to p such that its set of critical values is not isomorphic to a multiplicative translate of itself. Let F be the kernel of the trace map g ⋆Qℓ →Q ℓ . Then U F [1] ,r = G m,k for every r ≥ 1 and for every r ≥ 1 and every t ∈ k #{x ∈ k mr |N kmr /km (g(x)) = λ}.
Remark 7.19. As noted above (remark 7.12), if g is square-free of degree prime to p the result holds without any further hypotheses on g.
Example 7.20. Let g ∈ k[x] be a square-free polynomial of degree d with g(0) = 0 which is not of the form h(x n ) for any n ≥ 2, let χ : k ⋆ →Q ⋆ ℓ be a multiplicative character such that χ d is non-trivial and F = L χ(g) . Then U F [1] ,r = G m,k for every r ≥ 1. In particular, for every r ≥ 1 and every t ∈ k Example 7.22. Let g ∈ k[x] be an Artin-Schreier-reduced polynomial (i.e. it has no monomials with divisible by p exponent) of degree d prime to p which is not of the form h(x n ) for any n ≥ 2, let ψ : k →Q ⋆ ℓ be a non-trivial additive character and P the shifted Artin-Schreier sheaf L ψ(g) [1] . Then U P,r = G m,k for every r ≥ 1. In particular, for every r ≥ 1 and every t ∈ k is not rational. However, we have the following slightly weaker but equally useful result:
Proposition 8.1. Let F ∈ K 0 (G ⊗ k r ,Q ℓ ). Then L N,r (F , k, t; T ) r is rational for every t ∈ G(k), and all its reciprocal roots and poles have integral q-weight.
Proof. By additivity, we may assume that F is a single sheaf. Let G be the direct sum of all σ ⋆ F for every σ ∈ Gal(k r /k). Then G is invariant under Gal(k r /k), so by descent there is a sheaf G 0 ∈ K 0 (G,Q ℓ ) such that G = π ⋆ r G 0 , where π r : G ⊗ k r → G is the projection. Therefore L N,r (G, k, t; T ) is rational for every t ∈ k by corollary 4.4.
Again by additivity, we have
where the product is taken over all σ ∈ Gal(k r /k). We will conclude by showing that for every σ ∈ Gal(k r /k) and every t ∈ G(k) there is an equality L N,r (σ ⋆ F , k, t; T ) = L N,r (F , k, t; T ). since u → σ(u) is a permutation of the set of u ∈ G(k sr ) such that N ksr /ks (u) = t.
In particular, many results proved in the previous sections can be applied in this case for every t ∈ G(k) via the equality f N,r G (k, t) = r · f N,r F (k, t). Most notably we have: Corollary 8.2. Let G be a geometrically connected affine commutative algebraic group over k of dimension 1. Let P ∈ Perv(G ⊗ k r ,Q ℓ ) be pure of weight 1 without negligible components, and let Q be the direct sum of σ ⋆ P for σ ∈ Gal(k r /k) (and also its descent to G k ). Then for every t ∈ U Q,r (k) we have the estimate which is a direct consequence of corollary 5.3 and the previous proposition.
